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We operate in an analytic manifold M of dimension (n + 1). Let S be 
a system of curves in M such that through each line element there passes 
one and only one curve of S. If one introduces a local coordinate system 
(t, Xl ,***> xn), one may describe S in the neighborhood of a curve K E S 
on which t may be used as parameter by a system of ordinary differential 
equations of second order 
(1) 
where x represents the vector (xi , x2 ,..., xn). We shall assume that F is 
analytic, i.e., that the right-hand side of (I) is an analytic function of 
its arguments. Without loss of generality one may assume that K is a 
piece of the t-line (x = 0). The “equation aux variations” of (1) for the 
variation 6x = u on K is of the form 
2 = A(t) u + l?(t) $ (1’) 
where A(t) and B(t) are n x n matrices depending analytically on t. 
Naturally, they change if the local coordinate system is changed. An 
allowed transformation of coordinates is of the form 
t* = p)(t) 
x* = #(t, x) (2) 
with t,b(t, 0) = 0, v’(t) > 0 and Jacobian J(z*) # 0. The change in (1’) 
induced by (2) is the result of a transformation 
t* = q(t) 
u* = C(t) u 
(2’) 
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where C(t) may he any nonsingular matrix depending analytically on t. 
Now, one can show easily that y(t) and C(t) can be chosen in such a way 
that (1’) becomes 
g = A*(t*) u* (1”) 
with an A*(t*) having an identically vanishing trace. The parameter t* is 
then determined up to a projective mapping t** = (olt* + ,l3)/(yt* + 8) 
with a positive determinant 1 z : / . This shows that any local concept of 
projective geometry on a straight line can be introduced into an oriented 
curve of S. 
Now let an analytic partial differential equation E of first order be 
given on M. In a local coordinate system E can be written in the form 
@(4 x, P) = 0, p = (g$q ,..., $). (3) 
In a similar manner, one can show that on each oriented characteristic 
of (3) a distinguished parameter can be introduced, determined up to an 
orientation preserving projective mapping. This again allows the intro- 
duction of local concepts of projective geometry on the oriented charac- 
teristics of E. 
The procedure outlined leads to the introduction of distinguished 
classes offunctions in domains of a manifold in which a partial differential 
equation (3) ’ g is iven. Suppose a class r of functions on intervals’of the 
projective line has been defined that is invariant under orientation 
preserving mappings. Suppose further that the characteristics of E can be 
oriented in such a way that the orientation changes continuously with 
the characteristics. Then one may consider the class Kr of functions in 
domains of M which on each characteristic, considered as functions of a 
distinguished parameter, belong to r. If (3) is invariant under a group of 
transformations in M keeping the distinguished orientation on charac- 
teristics unchanged, so is Kr . Of particular interest is the class r = K, 
of functions that are monotonic of order n. (For its definition see [2]). 
One may then speak of the class of functions which in a domain of M are 
monotonic of order n. They form a convex cone, i.e., the class is closed 
under linear combination with nonnegative coefficients. 
Of special interest is the partial differential equation Et:, (at/ax,)” = 1, 
n >, 2, which governs the wave propagation. Its characteristic cone is 
given by dt2 - Et:, dxi2 = 0. We may assume that on the oriented 
characteristics t increases. Here the group of transformations, keeping 
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the equation and the distinguished orientation of the characteristics 
invariant, is such that any two characteristics can be transformed into 
each other, and the mapping between the characteristics can be made 
an arbitrary orientation preserving projective mapping. Hence the 
following question is of interest: Which classes of functions, each defined 
in a domain of the (t, x)-space, satisfy the following conditions ? 
(a) They form a closed convex cone (closed in the sense of uniform 
convergence in compact parts in the domain of definition). 
(b) They are invariant under the group previously described. 
(c) They contain all constant functions and also nonconstant 
functions. 
(d) They are minimal in the sense that no proper subclass satisfying 
conditions (a), (b), and (c) exists. 
The answer is: There exist only two such minimal classes K’ and K”, 
one obtained from the other by change of sign. K’ is the least convex 
closure of certain “primitive functions,” defined in the following way. 
Let p’(t’, x’) and p”(t”, x”) be any two points in the (t-x)-space lying 
on the same characteristic, p” having the greater t-coordinate. Let 
further 6( p, q) d enote the Lorentz distance of the point p(t, X) and 
q(t + At, x + Ax). It is given by P( p, 9) = (dt)2 - CyEL, (dxJ2. Then 
a primitive function is defined to be either of the form S”(p, p”)/S2(p, p’) 
or -a2(P, P’)P2(P, P”). 
The class K’ may be considered as generalization to higher dimension 
of the class of functions on intervals of the projective line, which are 
boundary values of complex functions transforming the upper half-plane 
into itself. 
We have so far considered only scalar functions. One may introduce on 
the projective line more general quantities q which transform, if a 
projective mapping is applied, according to the formula 
(4) 
Then we call y a X-quantity. They enjoy some invariance properties, 
e.g., one can show that monotonicity of order n of the difference quotient 
(I - y(t2))/(tl - ts) of a I-quantitity v(t) in each variable separately 
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is not destroyed by any transformation (4). We may call v(t) a convex 
l-quantity of order n. This invariance property makes it possible to 
extend the concept of convexity of any order to higher dimensions for a 
manifold in which a differential equation (1) is given. Similar concepts 
can be introduced for any positive integer A. 
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